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Expres s ions  a r e  obtained for  the p r e s s u r e  lo s ses  and the f r ic t ion coeff icient  of the f i lm b y s o l v -  
ing s epa ra t e  equations of motion for  each phase.  Theore t i ca l  and expe r imen ta l  r e su l t s  a r e  c o m -  
pared.  

An efficient method of improving hea t -  and m a s s - e x c h a n g e  p r o c e s s e s  is to t r a n s m i t  them in thin l a y e r s .  
A s imul taneous  flow of liquid f i lm and of gas in a ve r t i ca l  tube can be desc r ibed  by a s y s t e m  of equations [1] 
which in abbrev ia ted  notation can be wr i t t en  as  follows [2]: 
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By introducing the va r i ab le  y = R - r  and t r a n s f o r m i n g  Eq. (2) with the aid of  (1), one eas i ly  obtains 

{ Ov~ 0 } a P  
9~ (R - -  y) a x  ay  [(R--  y) v~ v~] = - -  (R - -  y) -Ox + 

a 
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On: solution of Eq. (3) mus t  sa t i s fy  the following boundary conditions: 

V l x - - = V l r : O ;  ~'i:='C0 for y- -O;  
(4) 

Vlx=V2x=V~; "~=T  8 for g = 6 .  

F r o m  the re la t ions  (3) and (4) one can eas i ly  es tab l i sh  a re la t ionsh ip  between the p r e s s u r e  gradient  and 
the tangential  s t r e s s  on the flow boundar ies .  If for Eqs. (3) one r e f e r s  to liquid and gas  components ,  in tegra tes  
t h e m  with r e s p e c t  to y f r o m  0 to ~ and f r o m  6 to R,  r e s p e c t i v e l y ,  and combines  the r e s u l t s ,  one can find 

aP 2% [ 0 ~ 1  6(2R--6)  { 0~x ) (R--6)  2 . (5) 

~6=0-5(R - ~ 5 )  - +  P2 2g  . . . .  ~ - ] + P ~  \ Ox g R ~ . .  (6) 

In the case  of turbulent  motion the tangential  s t r e s s e s  a r e  given by the re la t ions  

.~ dv~ ~ dv~ (7) 
"~i = Pi v i + l i  dy  J dy  ' 

where  the mixing path length l i which appea r s  in (7) is found by adopting a model  of turbulent  mixing of Van 
Dr ies t  [1, 3] modern ized  by Spalding. 
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Fig. 1. Resistance coefficients evaluated f rom the formula (12): 
3) 2.2; 4) 2.6. 
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Fig. 2. Comparison of p ressure  losses f rom the formulas (12) and (5) with those obtained 

aP N/m3" exper imentally; a x '  

For  one dimensional s teady flow, Eq. (3) applied to the liquid phase is brought to the form 

( ~ .  dv~7~ )2 46= dv~-~ ]i % 9 ~  2_,02_. (1--8+) 2 ] U= (2--Y +) % .1 
~' d 9  -?-Re~- @!- ~ 9~v~.~ + 29, " 8+Fq 1--tJ + p,v(.-" i - - ~  + --0 (8) 

if the expressions (5) and (7) are  used after  t ransformat ions  i n  dimensionless form. 

In the latter expression one adopts the mean flow velocity in the film as a measure  of velocity and the 
dv~ tube radius  as a l inear measure .  Equation (8) is quadratic for the derivative -~_-  and can easi ly be solvedfor  

this derivative. However, it is s t i l l  not known what sign (plus or minus) shouldbese t  in front of the square 

u -  flv-~L and to differentiate it with respect  to root.  It is, therefore ,  expedient to introduce in (8) the change -- dr= 

y+; the latter yields the equation 

( @ ~ d" ~.__ [' d A __.~__ L )  J ~  . . . .  O, (9) 
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with the notation 

B =  [ z0 ~ 91--292 (1--8~) 2 ] V+(2--y +) T 0 1 48 + 
- o  . . . .  . 

_ ptv-~.~. 2,ol 8+Fq (1--V+)l~ -' p~vr~ (I_v+)/i~. ; A =  R e ~ ,  

The expression (9) is a par t icular  ease of the Abel equation of the second kind; after the rest i tut ion of 
the original variables its solution is 

dv~ l~..~ 26+ { ~o lT ~ [ T o  
= ~ ~ -  ,o~L + 

(9, - -  29.) (1-- 8~) 2 ] Y+ (2-- y+) lf -" 48+'tI/2 
. . . . . . .  j - -  1 - v  / " 

(10) 

To find the derivative of the axial velocity of the gas flow component one must set i =2 in Eq. (3) and 
ca r ry  out operations s imi la r ly  as above; this resul t s  in the following: 
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In the above expression the mean gas velocity~2x has been adopted as the velocity scale unit. 
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The condition that the tangent ia l  components  ( 4 ) a r e  continuous is valid on the phase  separa t ion  boundary;  
the la t te r  is used to de te rmine  f r o m  the fo rmulas  (10) and (11) the r e s i s t a n c e  coeff icient  

= - + + R  ' 

where  

[ a~ a~a s ( a 4 + a 5 ) [  Reo "~2]. 

+ (28+ 
l '  + ,  ; a~ = l ~ "  ~ ; a 8 = b ~ ;  

a4=r162 a~ <z1%~; a e =  (Pl--2Pz)(2--6+)(l ' --~+) �9 

2b6 + 46 + I - -  6 + 2b6 + 

; a s ~  - - a T ;  ~ , =  ~ ; c z ~ = - - -  6 + ; 

~+(pl~O,~)(2--~ +) 
o ~ 3  = = - -  " 

In Fig. 1 computat ion r e s u l t s  a r e  shown of the f r ic t ion coeff icients  in the ca se  of a s i n k i n g  annular  flow 
v e r s u s  Reynolds num ber s  for both phases .  It can be seen  f r o m  Fig. 1 that  a decis ive  effect  on the values of the 
r e s i s t a n c e  coeff icients  is exer ted  by the gas component .  It has up until now been ve ry  difficult to compare  the 
theore t i ca l ly  obtained r e s u l t s  shown in Fig.  i wi th  the exper imen ta l  data ,  s ince the d i rec t  m e a s u r e m e n t s  of 
tangent ia l  s t r e s s e s  in a two-phase  flow axe v e r y  complex.  In our case  the s imp le s t  compar i son ,  as  wel l  as the 
mos t  convenient one, is between the theore t i ca l  and exper imenta l  d~.ta on h e a d - p r e s s u r e  l o s se s .  In Fig. 2 spe-  
cific p r e s s u r e  losses  a r e  shown v e r s u s  the d imens ion less  f i lm th ickness  6" and the Reynolds numbers  for  
both phases  obtained with the aid of (5) and (12) (continuous lines).  Exper imenta l  values  a r e  also shown m e a -  
su red  on a se tup [4] for an annular  a i r - w a t e r  sinldmg flow in a tube of 30 m m  d iame te r  (dashed l ines).  It car~ 
be seen  f r o m  the d i ag ram  that  t he r e  is a s a t i s f ac to ry  a g r e e m e n t  between the theore t i ca l  and exper imenta l  data 
on p r e s s u r e  l o s se s .  For  given flow r a t e s  the re la t ions  shown in Fig. 2 enable one to find not only the p r e s s u r e  
gradient ,  but a lso  the cor responding  th ickness  of the liquid f i lm.  It should be mentioned he re  that the theo re t i -  
cal  and exper imenta l  r e s u l t s  w e r e  obtained under the conditions of  pure ly  f i lm s ta te  of the flow when the en t i re  
liquid moves  in the f i lm.  

N O T A T I O N  

r ,  x, r ad ia l  and axial  cyl indr ica l  coordinates ;  R,  tube rad ius ;  8 ,  f i lm th ickness ;  l i ,  mixing path length; 
v i r ,  Vix, co r respond ing  ve loc i ty  pro jec t ions ;  p i ,  density; v i, k inemat ic  v i scos i ty ;  P, p r e s s u r e ;  T i ,  f r ic t ional  
s t r e s s ;  ~, g rav i ty  acce le ra t ion ;  Re 1 =4fflx 6 v~l ; R e 2 = 2 ~ (  R - 6 )  u~l; Fr~ = ~ x { g 6 ) - i ;  F r2=v~x[2g(R-5 ) ] - l ;  
8" =5gl/3 v-2/3.  Indices:  i=1 ,  liquid components ;  i=2 ,  gas components ;  5,  0, values on the f i lm su r face  and 
on the tube wall;  the ba r  on top shows the mean va lues ,  and the symbol  <<+>>, d imens ion less  quanti t ies of the 

type Vix=Vix/Vix; + - ~ + = 5 / R  and o thers .  
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